We improve and provide a direct proof of a theorem that answered a question by Dobbs about treed overrings. More precisely, we show that if is an integrally closed local domain and each of its proper overrings is treed, then is a valuation domain or is a PVD with associated valuation overring such that tr.deg[ / : / ] = 1.
Introduction
All rings considered are assumed to be commutative integral domains with identity. Throughout this paper, is an integral domain with quotient field qf( ). We denote by Spec( ) its set of prime ideals. As usual, an overring of is a ring contained between and qf( ), and if, in addition, ̸ = , we say that is a proper overring of . For an element ∈ qf( ), the conductor of to is an ideal of defined by ( : ) = { ∈ : ∈ }. If dim denotes the Krull dimension of , then the valuative dimension dim V of is defined to be the supermum (possibly ∞) of dim as ranges over the set of overrings of . For a ring extension ⊂ of integral domains, we denote by tr.deg [ : ] the transcendence degree of the quotient field of over that of .
Let us recall some basic definitions: 
Main Theorem
The following result, which we label here as Proposition 1 for the sake of reference, collects some needed properties concerning treed domains [ and is a local ring with maximal ideal . Moreover, there is a bijective correspondence preserving inclusion from the set of prime ideals of which do not contain and the set of prime ideals of which do not contain . It follows that ∩ and 1 ∩ are incomparable and are strictly contained in the maximal ideal of , a contradiction, since is treed. Hence, = and = , as desired.
